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1 Introduction and Priliminaries 


The notion of neutrosophic set is developed by Smarandache ((9], [IU]), and is a more general platform 
that extends the notions of classic set, (intuitionistic) fuzzy set and interval valued (intuitionistic) fuzzy 
set. Smarandache [D]] considered an entry (i.e., a number, an idea, an object etc.) which is represented 
by a known part (a) and an unknown part (6T,cI,dF) where T, I, F have their usual neutrosophic logic 
meanings and a,b,c,d are real or complex numbers, and then he introduced the concept of neutrosophic 
quadruple numbers. Neutrosophic quadruple algebraic structures and hyperstructures are discussed in . [[] 
and [2]. Neutrosophic quadruple BCK/BCI-algebra is studied in [5] and [f”]. Using neutrosophic quadruple 
structures, Jun et al. [A] introduced the notion of events by considering two facts, and applied it to 
BCK/BClLalgebras. There are many things in our daily lives that we have to choose between two facts. 
For example, should I read a book or not, go to the movies or not, etc. To consider these two factors, 
we introduce two-dimensional event sets and try to apply them to algebraic structures. We introduce the 
notions of two dimensional BCK/BCT-eventful algebra, paired B-algebra and paired BCK/BCI-algebra, 
and investigate several properties. We provided conditions for two dimensional eventful algebra to be a 
B-algebra and a BCK/BCl-algebra. We discuss the process of inducing a paired B-algebra using a group, 
and establish a commutative group using two dimensional BCI-eventful algebra. 


https://doi.org/10.29252/HATEF.JAHLA.1.2.2 
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We describe the basic contents that will be needed in this paper. Let (X,*,0) be an algebra, i.e., let X 
be a set with a special element “0” and a binary operation “*”, and consider the following conditions. 


(Vue X) (uxu=O0). (1) 
(Vu € X) (ux0=u), (2) 
(Vue X) (Oxu=0). (3) 
(Vu,v,w EX) ((uxv) * w= ux (w* (0*v))). (4) 
(Vusu € X) (uxv=0, ve u=0 > u=v). (5) 
(Vu,u € X) ((u* (u*xv)) *v =O). (6) 
(Vu,v,w eX) (((uxv) * (ux w)) *(w*v) =0). (7) 
We say that X := (X,x*,0) is 

e a B-algebra (see [§]) if it satisfies (0), (2) and @), 

e a BCI-algebra (see [6]) if it satisfies (0), (Q), (G) and (M), 

e a BCK-algebra (see [B]) if it is a BCl-algebra satisfying (8). 

A BCLalgebra X := (X, *,0) is said to be p-semisimple (see [B]) if it satisfies: 


(Vu € X)(0* (Ox u) =u). (8) 


2 Two dimensional event sets 


Definition 2.1. Let 2: X ~ Q be a mapping from a set X to a set Q. For any a,x € X, the ordered pair 
(a, £4) is called a two dimensional event on X where €, is the image of a under &. 


The set of all two dimensional events on X is denoted by (X,¢x), that is, 
(X, lx) = {(2, fa) | t,a © X} (9) 


and it is called a two dimensional X -event set. By a two dimensional X -eventful algebra we mean a two 
dimensional X-event set with a binary operation &, and it is denoted by ((X, €x), &). 

Let ((R, fz), ®), ((R, 4x), ©) and ((R, fg), ©) be two dimensional R-eventful algebras in which “@”, “oO” 
and “©” are defined as follows: 


(x, la) @ (y, 2) = (x + y,latb)s 
(x, €a) Oo (y, 2) = (x a Yy, lab); 
(x, £a) © (y, &) = (x . y, lav), 


respectively, for any two dimensional events (x, @,) and (y, 2) on R. For any ¢ € R and a two dimensional 
event (x, ,) on R, we define 


t(a, lq) = (ta, Lia). (10) 
In particular, if t= —1, then —1(a#, &,) = (—a, €_,) and —1(a, £,) is simply denoted by —(z, q). 


Proposition 2.2. Let ((R,¢g),®), ((R,4m),©) and ((R,4g),©) be two dimensional R-eventful algebras. 
Then 


(i) (x, 4a) © (y, &5)) ® (2, bc) = (#, la) ® (Cy, bo) ® (2, bc), 
(ii) (a, la) © (Y, &5) = (y, bo) ® (@, Ca), 
(iii) (a, fa) © (y, 6) = (Y; 45) © (a, 4a), 
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(iv 


) ((2, £a) © (y, £0) © (2, 4c) = (a, £a) © ((y, £6) © (2, £e)), 
(v) t((x, fa) © (y, &)) = t(x, fa) ® ty, fy) for allt € R, 
(vi) (t+ s)(x, la) = t(x, la) @ s(x, la) for allt,s ER, 
) (@, la) B (—(2, £a)) = (0, £0). 
) (@, la) © (@, la)~* = (1, £1) where (x, la)~* = (a7*, fq-1) 


for all two dimensional events (x, la), (y, £0) and (z,€-) on R. 


(vii 


(viii 


Proof. Straightforward. 
By Proposition 22, we have the following theorem. 


Theorem 2.3. Two dimensional R-eventful algebras ((R, &x),®) and ((R, lp),©) are commutative groups 
with identities (0,9) and (1,1), respectively. 


3 Two dimensional eventful algebras 
Let (X, *,0) be an algebra and ((X, £x),®) be a two dimensional X-eventful algebra in which “®” is defined 
by 

(eta) ® (y, ln) = (x = Y, laxd) 
respectively, for all z,y,a,b € X. In a two dimensional X-eventful algebra ((X,/x),@®), the order “<” is 
defined as follows: 


(x, la) << (y,%) & wr<yanda<b 


for all x, y,a,b € X where x < y means «xy =0 anda < b means axb=0. 
Theorem 3.1. If (X,*,0) is a B-algebra, then the two dimensional X-eventful algebra ((X,¢x),®) is a 
B-algebra with the special element (0, C0). 
Proof. For any (2, €a), (y, £b), (2, €c) € (X, 4x), we have 
(x, la) ® (x, la) = (a * ©, Laxa) = (0, C0), (x, La) ® (0, C0) = (a * 0, Caxo) = (a, ba), 


and 


a) ® (y, £4) ® (2, lc) = (@ * y, Laxd) ® (2, Le) 
x #Y) * 2,2 oxbyen) 
« (z * (0 * y)), Cax(cx(oxd))) 
fa) ® (2 * (0 * y), Cex(oxsy) 
»£a) ® ((z, fc) ® (0 * y, Loss) 
£ 


( 
a) ® ((2,£c) ® ((0, £0) ® (y; 46))) 
), 


®) is a B-algebra with the special element (0, 4). 


by (0), (2) and (@), respectively. Therefore ((X, ¢x 
We say that ((X, lx), ®, (0,20)) is a paired B-algebra. 


Example 3.2. Let X = {0,a,b} be a set with the binary operation “«” as in Table f. 
For Q = {0, 5,1}, define a mapping £ as follows: 


0 if «=0, 
L:X 3Q, 2H $ if «=a, 
1 ifc=b. 
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Table 1: Cayley table for the binary operation “+” 


oa oO} * 
oes oO 
a2 on;8 
ocr alo 


Then 


(A, ex) = {(0, £0), (0, fa); (0, £4), (a, 0), (a, a); (a, fy), (0, £0), (0, la); (b, £y)} 
= {(0,0), (0, 3), 0, 1), (@,0), (@ 3), (a 1), (6,0), (b 9), (6, D3 


and the operation ® is given by Table. It is routine to verify that ((X, €x),®, (0,£0)) ts a paired B-algebra. 


Table 2: Cayley table for the binary operation “x” 


® (0, £0) (0, la) (0, &) (a, £0) (a, la) (a, £4) (b, £0) (b, £a) (b, £v) 
(0, £0) (0,0) (0, 1) (0, 5) (6, 0) (6, 1) (6, 5) (a, 0) (a, 1) (a, 5) 
0, £a) (0,5) (0,0) (0, 1) (b, 5) (0, 0) (0, 1) (a, 5) (a, 0) (a, 1) 
(0, 4) (0,1) (0,5) (0, 0) (6, 1) (6, 3) (0, 0) (a, 1) (a, 5) (a, 0) 
a, £0) (a, 0) (a, 1) (a, 5) (0,0) (0, 1) (0,5) (0, 0) (6, 1) (b, 3) 
(a, Ca) (a, 5) (a, 0) (a, 1) (0,3) (0, 0) (0, 1) (b, 5) (6, 0) (6, 1) 
a, fy) (a, 1) (a, 5) (a, 0) (0,1) (0, 5) (0,0) (6, 1) (b, 5) (6, 0) 
b, £0) (0, 0) (6, 1) (b, 5) (a, 0) (a, 1) (a, 5) (0,0) (0, 1) (0,5) 
(0, la) (b, 5) (6, 0) (0, 1) (a, 5) (a, 0) (a, 1) (0, 5) (0,0) (0, 1) 
b, fy) (0, 1) (b, 3) (0, 0) (a, 1) (a, 5) (a, 0) (0,1) (0, 5) (0,0) 


Proposition 3.3. If ((X, x), ®, (0, €0)) is a paired B-algebra, then 


(i) (a, la) ® (y, £6) = (&, La) ® ((0, £0) ® ((0, Lo) ® (y, £6))), 
(ii) (a, fa) ® (y, 45) ® ((0, £0) ® (y, £0) = (a, fa), 
(ili) (7, la) ® (z, lc) = (y, &o) ® (2, 6c) implies (x, la) = (y, 0), 
(iv) (a, la) ® ((y, lo) ® (2, £c)) = ((x, fa) ® ((0, £0) ® (2, £e))) ® (y, £0), 
(v) (x, €a) ® (y, 40) = (0,0) implies (x, la) = (y, &), 
(vi) (0,0) ® (x, £2) = (0, £0) ® (y, &) implies (x, la) = (y, 4s), 
(vii) (0, £0) ® ((0, £0) ® (x, £a)) = (, Ca) 
for all x,y, z,a,b,cE X. 


Proof. Let x,y,z,a,b,c © X. Then 
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which proves (i). 
(ii) We have 


( 


x, £4) ® (y, &)) ® ((0, £0) ® (y, £6) = (@ * y, Laws) ® (0 * Y, Loss) 
(x * y) * (0 * y), £(axb)*(0xb) ) 

= (x * ((0 * y) * (0 * Y)), Lax ((O¥b)*(0*d)) ) 

= (a * 0, laxo) = (a, ba). 

(iii) Assume that (x, 0.) ® (z, 4.) = (y, £n) ® (z, £.). It follows from (ii) that 


(w, la) = ((a, la) ® (2, c)) ® ((0, C0) ® (2, le) 
= ((y, fo) ® (2, lc)) ® ((0; £0) ® (2, €c)) 
= (y, &b). 


(iv) Using (i), we have 


((x, la) ® ((0, £0) ® (z, 4e))) ® (y, 4s) 
= (x, la) ® ((y, £o) ® ((0, £0) ® ((0, £0) ® (2, &c)))) 
= (9,24) ® ((y, €o) ® (2, he 


£0) 
oe Suppose that (x, £4) @ (y, €») = (0,0). Then (2, a) ® (y, £o) = (y, £n) ® (y, 4), and so (x, £4) = (y, £) 
by (iii). 
. (vi) Assume that (0, 0) ® (a, £4) = (0,40) ® (y, &). Then 
(0, £0) = (x, fa) ® (a, La) = (&, La) ® ((0, £0) ® ((0, £0) ® (2, £a))) 
= (x, fa) ® ((0, £0) ® ((0, £0) ® (y, &))) 
= (ite) @ iets) 


and so (x, la) = (y, &o) by (v). 
(vii) We have 


(0, £0) ® (#, la) = ((0, 40) ® (#, 4a)) ® (0; £0) 
(0 * x) * 0 ,£(0%a)x0) 
* (0 * (0 * x)), lox (0*(0*a))) 


0 
0, £0) ® ((0, £0) ® ((0, £0) ® (x, fa) 
and so (0, £9) ® ((0, £9) ® (a, £a)) = (a, £4) by (vi). 


( 
= 
=f 
= 


We provide conditions for two dimensional X-eventful algebra to be a B-algebra. 


Theorem 3.4. For an algebra (X,*,0), the two dimensional X -eventful algebra ((X,£x),®) is a B-algebra 
with the special element (0, £0) if and only if it satisfies Proposition BA(vii) and 


(x, fa) ® (a, £a) = (0, £0), (11) 
((a, £4) ® (4£e)) ® ((y, Co) ® (2,40) = (2,0) ® (Usb) (12) 
for all (x, €a), (y, €), (2, €e) € (X, Lx). 


Proof. Assume that the two dimensional X-eventful algebra ((X,/x),®) is a B-algebra with the special 
element (0,9). The condition Proposition B-&(vii) is by Proposition B23. It is clear that (M1) is true by the 
definition of B-algebra. Also, we have 


((x, la) ® (2, €c)) ® ((y, lo) ® (2, be) = (#, la) ® (((Y, 6) ® (2, Lc) ® ((0; C0) ® (2, Le))) 


= (7,25) ® ((y, Cb) ® (((0, £0) ® (2, £5)) ® ((0, £0) ® (2,£.)))) 
_ (t,£5) ® ((y, €b) ® (0, £0)) = (2, £2) ® (y, £5) 
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for all (a, la), (y, £b), (2, ec) © (X, Lx). 


Conversely, suppose that ((X, x), ®) satisfies three conditions (II), (2) and Proposition B-al(vii). Then 
(x, la) = (0, £0) ® ((0, £0) ® (a, éa)) 
= ((x, fa) ® (x, £a)) ® ((0, £0) ® (a, £a)) 
= (x, ta) ® (0, £0) 
and 
((x, fa) ® (y, £4) ® ((0, £0) ® (y, &)) = (2, £a). (13) 


Combining (2) with (13) induces 


(x, la) ® ((2, lc) ® ((0, £0) ® (y; 46))) 

(((x, la) ® (y, 45) * ((0, £0) ® (y, £6))) ® ((z, £c) ® ((0, £0) ® (y, £))) 
((x, la) ® (y; 6) ® (2, be) 

( 


for all (x, la), (y, £0), (2,c) € (X,x). Therefore ((X,£x),®) is a B-algebra with the special element 
(0, £0). 


Theorem 3.5. For an algebra (X,*,0), the two dimensional X -eventful algebra ((X,£x),®) is a B-algebra 
with the special element (0,9) if and only if it satisfies (Il) and 


(x, la) ® ((((0, 40) ® (y, 45) ® (2, c)) ® (((0; 40) ® (x, La) ® (2, c))) = (ys 45) (14) 


for all (a, €a), (y, €), (2, 2c) € (X, £x). 


Proof. Assume that the two dimensional X-eventful algebra ((X,¢x),®) is a B-algebra with the special 
element (0,0). Then (1) is valid in Theorem B4. Using (2), we get 


(((0, £0) ® (y, £0)) ® (2, lc) ® (((0, £0) ® (a, la)) ® (2, Le) 
= ((0, £0) ® (y, 40) ® ((0, £0) ® (@, €a)). 
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(15) 


It follows that 


c)) ® (((0, £0) ® (a, 4a) ® (2; &c))) 
0, £0) ® (x, €a))) 


which proves (14). 
Conversely, suppose that ((X,x),@®) satisfies (I) and (14). If we substitute (y, 4) for (x, @,) in (4) 
and use (1), then 


(x, la) = (@, la) ® ((((0, £0) ® (a, La)) ® (z, bc)) ® (((0, C0) ® (2, a)) ® (2, e))) (16) 
_ (2,5) ® (0, £0) 
If we put (x, £.) = (0, 00) = (z, -) and (y, €a) = (z, £2) in (14), then 
(x, fa) = (0, £0) ® ((((0, £0) ® (a, £a)) ® (0, 0)) ® (((0, £0) ® (0, £0)) ® (0, £0))) (17) 
_ (0, £0) ® ((0, £0) ® (2, £,)) 


by (ZG). Assume that (0, £9) ® (a, a) = (0, £0) ® (y, &). Then 


(2,40) _ (0, £0) ® ((0, £0) ® (t,£a)) = (0, £0) ® ((0, £0) ® (y, £)) = (y, £5) 
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by (7) which proves 
(0, £0) ® (x, £a) a (0, £0) ® (y, £0) = (af) = (y, £0). (18) 
Putting (a, 2.) = (0,20), (y, 26) = (0, 0) ® (y’, &) and (z, £.) = (2’, @--) in (4) induces 


(0, £0) ® (y', £0") = 0, £0) ® ((((0, £0) ® ((0, £0) ® (y', Lr) ® (2', Lcr))® 
(((0, £0) ® (0, £0)) ® (2', £-'))) 
= (0, £0) ® (((y’, fo) ® (2", ber) ® ((0, £0) ® (2", Ler))). 


— 


It follows from (8) that 


(yl) = (((y’, fer) ® (2, £cr)) ® ((0, £0) ® (2, £c"))). (19) 


If we substitute (a, .), (y,€)) and (z, €-) for (a, fa’), (0, £0) ® ((2’, 4c’) ® (2’, £a’)) and (0, fo), respectively, 
in (14), then 


0, £0) ® ((0, £0) ® ((2", e) ® (a", £a’)))) ® (0, £0)) 
x fa) ® (0, £0))) (20) 
® (a, £e1)) ® ((0, £0) ® (a’£57))) 


In (14), taking (2, @,.) = (y’, &') 
that 


Ww, d)s (y, &) = (y’, &y) ® (2', er) and (2, £0) = (0, £0) ® (y’, Co") imply 


(y's €or) ® (2, Ler) = ((y', Lo) ® (w, ba) ® [(((0, £0) ® (y's br) ® (2", £e"))) 
® ((0, £0) ® (y’, £-))) ® (((O, £0) ® ((y’, 40) ® (w, éa))) (21) 
® ((0, £0) ® (y’, &-)))] 


Using (9) and (20), we get 


((0, £0) ® ((y’, £0) ® (z’, £cr))) ® ((0, £0) ® (y’, £6) (22) 
= ((2’, Ler) ® (y’, £57)) ® ((0, £0) ® (y’, L6r)) = (2', Ler). 
Similarly, we have 
((0, £0) ® ((y’, Lo) ® (w, £a))) ® ((0, £0) ® (y’, £er)) = (w, fa). (23) 


Combining (21), (22) and (23) induces 


(y', €or) ® (2, er) = ((y', fo") ® (w, ba)) ® ((2', Ler) ® (w, fa). 
Therefore ((X,£x),@®) is a B-algebra with the special element (0,9) by Theorem B.4. 


The following theorem shows the process of inducing a paired B-algebra using a group. 


Theorem 3.6. If (X,0,0) is a group, then the two dimensional X -eventful algebra ((X, €x), ®, (0, £0)) is 
a paired B-algebra where 


®: (X, £x) x (X, €x) > (X, £x); ((2, £2), (y, £)) > (xo iy liens) — (x * Ys Lob): 
Proof. Let (a, a), (y, £v), (2, €) € (X,éx). Then (a, £4) ® (x, fa) = ee ° mare ere = (0,0) and (a, £4.) ® 
(0,46) = (290, £93) = (eo 0, Loca) = (2) Also 
((x, £0) ® (y, £0)) ® (2, bc) = (wo y*, Lacb-1) ® (2, Lc) 
= ((a 2 y*) 7 y Uiasie tyne ) 
= (@ ° (z ° ene ee 
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and 
(x, a) ® ((z, £c) ® ((0, £0) ® (y, &5))) = (a, La) ® ((2, £c) ® (00 y™", Lo06-1)) 
= (2, id a) ((2,£0) ® (y~*, £y-1)) _ (x, £4) ® (z 2 eas) 
= (2, la ) (z 2 Y; fcob) = (a ° (z 2 i Lextosit) * 


Hence ((2, la) ® (y, £b)) ® (z, £c) = (@, £a) ® ((z, £<) ® ((0, £0) ® (y, &)))). Therefore ((X, £x), ®, (0,f0)) isa 
paired B-algebra. 


® 
® 


Let X := (X,x,0) be an algebra. In a two dimensional X-eventful algebra ((X,¢x), ®, (0, €0)), we 
consider the following assertions. 


(((2, la) ® (y, €o)) ® ((a, fa) ® (2, £c))) ® ((2, ce) ® (y, £4)) = (0, 40), ( 
((x, la) ® ((x, La) ® (y, £n))) ® (y, &) = (0, £0), (25 
(0, £0) ® (x, la) = (0, £0), ( 
(x, la) ® (y, €v) = (0, £0), (y, 2) ® (x, La) = (0,60) = (x, la) = (y, 40) ( 


for all z,y,z,a,b,cE X. 


Definition 3.7. Given an algebra X := (X,*,0), let ((X,lx),®) be a two dimensional X -eventful algebra 
with a special element (0,0). If it satisfies (I), (24) and (25), we say that ((X, x), ®, (0, £0)) ts a two 
dimensional BCl-eventful algebra. If a two dimensional BCT-eventful algebra ((X, x), ®, (0,£0)) satisfies 
the condition (28), it is called a two dimensional BCK-eventful algebra. 


bby 


Example 3.8. (1) Consider an algebra X := (X,»*,0) where X = {0,a} and the binary operation “«” is 
given by Table. Given a set Q = {a, 3}, define a mapping £ as follows: 


(Te) 


Table 3: Cayley table for the binary operation “x 


* 0 a 
0 0 0) 
a 0 


a if c=0, 
£:X >Q, cof Pea, 
Then (X,x) = {(0, £0), (0, £2), (a, £0), (a, €a)} = {(0, a), (0, B), (a, a), (a, 8)} and the operation ® is given 
by Table YJ. It is routine to verify that ((X, lx), ®, (0,£0)) is a two dimensional BCK-eventful algebra. 


6699 


Table 4: Cayley table for the binary operation “x 


® (0, £0) (0, £,) (a, £0) (a, ba) 
(0, Co) (0, a) (0, a) (0, a) (0, a) 
(0, £a) (0, 8) (0, a) (0, 8) (0, a) 
(a, £0) (a, a) (a, a) (0, a) (0, a) 
(a,fa) (a, 8) (a, a) (0, 8) (0, a) 


(2) The paired B-algebra ((X, lx), ®, (0, 0)) in Example EZ is two dimensional BCTI-eventful algebra. 


In general, two dimensional BCK/BCI-eventful algebra ((X, 2x), ®, (0, £0)) does not satisfy the condition 
(27) as seen in the following examples. 


Two dimensional event set and its application in algebraic structures 17 


6699 


Table 5: Cayley table for the binary operation “x 


aera Ox 
ara Oo 
acrodos 
cron o/]ce 
oa ogea 


bey 


Example 3.9. Consider an algebra X = (X,%*,0) where X = {0,a,b,c} and the binary operation “«” is 
given by Table B. 
Given a set Q = {0.2,0.5,0.7}, define a mapping ¢ as follows: 


0.2 if x € {0,a} 


cee er Gy oof 0.7 if xe {b,c}. 


Then the two dimensional X-event set is given as follows: 
(X, x) = {(0, 0.2), (0, 0.7), (a, 0.2), (a, 0.7), (b, 0.2), (b, 0.7), (c, 0.2), (c, 0.7) } 


and it is routine to check that ((X,&x),@®, (0,0)) is a two dimensional BCT-eventful algebra. But it is not 
a two dimensional BCK-eventful algebra since (0, £0) ® (b, £c) = (c, £0) F (0, £0). Note that (0, £0) ® (0, 24) = 
(0, €.) = (0,0.7) and (0, £) ® (0, £9) = (0, £y) = (0,0.7), but (0, £5) 4 (0, &). Hence ((X, £x), ®, (0, f9)) does 
not satisfy the condition (22). 


Lemma 3.10. Jf X := (X,*,0) is a BCK/BCLalgebra, then ((X,¢x),®,(0,0)) ts a two dimensional 
BCK/BCFeventful algebra. 


Proof. Straightforward. 


By a paired BCK/BCFalgebra we mean a two dimensional BCK/BClL-eventful algebra ((X,¢x), ®, 
(0,£0)) which satisfies the condition (27). 


Example 3.11. (1) Consider a BCK-algebra X = (X,*,0) where X = {0,a,b,c} and the binary operation 
“ek” is given by Table . 
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Table 6: Cayley table for the binary operation “x 


aca Oo] * 
acs ojo 
acro°ds 
oon ole 
ome off 


Given a nonempty set Q, define a mapping ¢ as follows: 
£:X 9Q, rH u. 


Then (X,€x) = {(0, 4%), (a, u), (b,u), (c,u)}, and it is clear that ((X,£x), ®, (0,u)) is a two dimensional 
BCK-eventful algebra by Lemma Ii. It is routine to verify that ((X,lx), ®, (0,u)) satisfies the condition 
(22). Hence it is a paired BCK-algebra. 

(2) Consider the algebra X = (X,*,0) in Example [£J and let € be a mapping from X to a nonempty 
set Q given by (x) = v € Q for alla € X. Then (X,lx) = {(0,v), (a, v), (b,v), (c,v)}, we recall that 
X = (X,*,0) is a BCLalgebra, and thus ((X,£x), ®, (0,v)) is a two dimensional BCTL-eventful algebra by 
Lemma iil. It is routine to verify that ((X, lx), ®, (0,u)) satisfies the condition (22). Hence it is a paired 
BCI-algebra. 


18 Y.B. Jun 


We consider a generalization of Example B.I1. 


Theorem 3.12. Let X = (X,*,0) be a BCK/BCLalgebra. Given a nonempty set Q, let @: X > Q bea 
constant mapping, say (x) = q for alla € X. Then ((X, lx), ®, (0,¢)) ts a paired BCK/BCFLalgebra. 


Proof. Using Lemma B.1U, we know that ((X, €x), ®, (0,q)) is a two dimensional BCK/BCl-eventful algebra. 
Let x, y,a,b € X be such that (, £2) ® (y, £o) = (0,¢) and (y, &) ® (x, £4) = (0,¢q). Then (0, q) = (2, £a) ® 
(y, fo) = (a * y, laxb) = (x * y,g) and (0,¢) = (y, 4) ® (a, fa) = (y * &, Lona) = (y* 2, q). It follows that 
x*xy =Oand yxx =0. Hence x = y, and so (x, lq) = (x,q) = (y, 9) = (y, &). This shows that ((X, x), 
®, (0,u)) satisfies the condition (27). Therefore it is a paired BCK/BCI-algebra. 


Theorem shows that it can induce many other BCK/BCT-algebras from given a BCK/BClI-algebra. 
These induced BCK/BCI-algebras are isomorphic each other. Thus a BCK/BClI-algebra induce a unique 
paired BCK/BClLalgebra up to isomorphism. 


Theorem 3.13. Let X = (X,*,0) be a BCK/BCLalgebra. Given a nonempty set Q, if a mapping €: X > 
Q is ono-to-one, then ((X, lx), ®, (0,£0))) ts a paired BCK/BCFalgebra. 


Proof. Using Lemma B10, we know that ((X,¢x), ®, (0,4)) is a two dimensional BCK/BCI-eventful 
algebra. Let z,y,a,b € X be such that (x, l.) ® (y,4) = (0,40) and (y,%&) ® (#4) = (0,0). Then 
(0, £0) = (x, la) ® (y, £0) = (a * y, Laxn) and (0, £0) = (y, €o) ® (a, £a) = (y* &, lox). It follows that x * y = 0, 
yxx =0, lash = &o and Cy.q = €y. Since & is one-to-one, we have ax b = 0 and bx a = 0. It follows that 
x=yanda=b. Hence (a, l,) = (y,&). This shows that ((X,x), ®, (0,00) satisfies the condition (27). 
Therefore it is a paired BCK/BCL-algebra. 


Theorem 3.14. Let X = (X,*,0) be a BCK/BCLalgebra. Given a nonempty set Q, if a mapping €: X > 
Q satisfies €~'(l9) = {0}, then ((X, Lx), ®, (0,£0))) is a paired BCK/BCI-algebra. 


Proof. Using Lemma B10, we know that ((X,¢x), ®, (0,€0)) is a two dimensional BCK/BClL-eventful 
algebra. Let 2,y,a,b € X be such that (x, l.) ® (y,4) = (0,40) and (y,%) ® (#, 4) = (0,0). Then 
(0, £9) = (x, la) ® (y, £6) = (a * y, Laxey) and (0, £0) = (y, &,) ® (@, £4) = (y* %, lox). It follows that x * y = 0, 
yx x =0, Cosy = ly and lyxq = lp. Hence ax b € £1 (lg) = {0} and bx a € £1 (9) = {0} which shows that 
a*b=0 and b«a =O. It follows that « = y and a= b. Hence (2, la) = (y, &)). This shows that ((X, ¢x), 
®, (0, £9) satisfies the condition (2d). Therefore it is a paired BCK/BCT-algebra. 


Lemma 3.15 ([B]). Given a BClL-algebra X = (X,*,0), the following are equivalent, 
(i) X is p-semisimple. 
(ii) ax (Oxy) =yx*(Oxx) for allz,yEeX. 


Theorem 3.16. The two dimensional BCLeventful algebra ((X,£x), ®, (0,£0)) induced by a p-semisimple 
BCLalgebra X = (X,*,0) is a commutative group under the operation © which is given by 


©: (A, ex) x (X, éx) ac (X, x); (x, £a), (y, &)) a (x, fa) ® ((0, £0) ® (y, &)). 


Proof. By Lemma B-10, we know that ((X,2x), ®, (0,29)) is a two dimensional BCl-eventful algebra. Let 
(x, £a), (y, £0), (z, 4c) € (X, x). Then 


(x, fa) © (y, £0) ,£q) ® ((0, £0) ® (y, &)) = (x, fa) ® (0 = y, Loxb) 
uv * (0 a y), Cax(o*b)) 7 (y * (0 * 2), £4x(0%a)) 
y, fo) ® (0* x, Lowa) = (y, 2n) ® ((0, £0) ® (a, £a)) 


b 
Ys ly) © (x, la) 


= ( 
= ( 
=/ (28) 
= ( 
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by Lemma B15), and 


((y, £0) © (z, &c)) © (a, La) 

= ((y, £0) ® ((0, £0) ® (2, £c))) ® ((0, £0) ® (2, €a)) 

= ((y * * (0 * z)) * (Ox 2), ¢ (bx (Oxc)) (0a) 29 
= ((y * * (0 « 2)) * (0 * z), os Dea ))x(Oxe)) a 
= ((y, 2) ® ((0, £0) ® (a, la))) ® (0 , £0) ® (2, £c)) 

= ((y, £4) © (a, la)) © (2, £c). 


Using (28) and (29), we get 
(x, a) © ((y, 45) © (2, Le) = ((y, 4) © (2, Le) © (@; La) = ((y, 44) © (@, fa) © (2, be) = ((x, fa) © (y, £4) © (2, Le). 


Now, 


(0, £0) © (Pyle )= (0, £0) ® ((0, £0) ® (x, la)) 
= (0,0) ® (0 * 2, Loxa) 
= (0 * (0x ), Cox(0xa)) = (2, £4), 


which shows that (0,4) is the identity element of (X,¢x). Finally, we show that (0,0) ® (a, ,) is the 
inverse of any element (x, ¢,). In fact, 

(x, £a) © ((0, £0) ® (x, £a)) = (x, fa) ® ((0, £0) ® ((0, £0) ® (2, £a))) 

= (x (0* (0* 2)), Cax(ox(0*a))) 

= (x * Lsloee) = (0, 0). 


Therefore ((X,€x), ©, (0, €0)) is a commutative group. 


Corollary 3.17. Let X = (X,*,0) be a BCLalgebra which satisfies any one of the following assertions. 


(Va Ee X)(0O*«x=0 > x=0), (30 
(Va€ X)(X =faxx| xe X}), ( 
(Va,x € X)(ax (a*xxr)=2), ( 
(Va,z,y,z © X)((a xy) * (2 xa) = (wx z) *(y *a)), (33 
(Va,y € X)(O« (yxx) =a2*y), ( 
(Vi,y, 2 € X)((w xy) + (04 2) = 244). 


Then the two dimensional BCI-eventful algebra ((X,€x), ®, (0,£0)) is a commutative group under the 
operation ©. 


Theorem 3.18. Let f : X ~ Y be an onto homomorphism of BCK/BCFalgebras. If ((X,£x), ®, (0, 0)) 
satisfies the condition (22), then ((Y,¢y), ®, (0,€o)) is a paired BCK/BCLalgebra where ¢ is a mapping 
from Y to Q. 


Proof. By Lemma B.1U, we know that ((X,¢x), ®, (0, 40)) is a two dimensional BCK/BCT-eventful algebra. 
Let (x’, Car), (y’, Go’), (2, Cer) € (Y, Gy). Then there exist x,y, z,a,b,c € X such that f(x) = 2’, f(y) =y’, 
f(z) =2, f(a) =a’, f(b) =0' and f(c) =c. Hence 


(a 
(((2", Car) ® (y's Cor)) ® ((@", Car) ® (2's Cer) ® (2's Ger) ® (y's Gor) 
f 


) 
= (((F(2), Cray) ® (F(Y), Cr@)) ® (CF(@), Cray) ® (F(Z): Spey) ® (CFE): Srey) ® (FY); Seay) 
= ((f(x) * f(y), Crayar(oy) ® (F(@) * F(Z), Saari) ® (F(Z) * FY), Sr(out)) 
= ((f (a *y), Cp(axd)) ® (f(x * z), Cf(axe))) ® (F(z * ¥), Cp(cxb)) 
= (f(x * y) * f(@ * Z), Cp(anb)af(axc)) ® (F(z * y), Cp(ext)) 
= (f(((x * y) * (x * z)) * (z * y)), Cf(((axb)x(axe))*(cxb)) ) 
= (f(0), Cf(oy) = (0, Co), 
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— 


((2", Car) ® ((2", Car) ® (y', Cw))) ® (y's Cor) 

(x), Cray) ® ((F(®), Cray) ® (F(Y), Sr@))) ® (FY), Cro) 
) Spay) ® (F(@) * FY) Cradar(oy)) ® (F(®), Sra a 
) Spay) ® (F(@ *Y)s Cp(axdy)) ® (F (2), Ceca) 

f(a * (@ * y)), Cp(ax(axdy)) ® (F(Z), Cr(a)) 

F((@ * (@ *y)) *¥) Cy(ax(axd)))*b) 

Ff (9), Cp(0)) = (0, 60), 

and (2", Car) ® (2, Ca’) = (F(®), Cpcay) ® (F(®), Spay) = (F(@ * ©); Cp(axa)) = (F(), Cf) = (0,0). Hence 
((Y,¢y), ®, (0,¢0)) is a two dimensional BCI-eventful algebra. Since (0, Co) Ca’) 0 

( 


(F(x), Cra) = (F(0 * ©), Cpo*a)) = (F(0),r(0)) = (0,60), we know that ) 
dimensional BCK-eventful algebra. Assume that (2’, Ca’) ® (y’, Co) = (0, G0) and (y’, Gy) ®(2", Ca 
Then 


I 


I 


(fF 
(fe 
(f(@ 
=a 
= 
= 


(0, Co) = (2", Ca’) ® (y's Cor) = (F(z), Cpa) ® (FY), Se) = F(@) * FY); Cras fo)) 
and 
(0, Go) = (y', Cor) ® (2', Car) = (Fy), Cro) © (F(@), Spray) = (FY) * F(@), Cpmag(a))> 
which imply that f(x) * f(y) =0, f(y) * f(«) =0, f(a) * f(b) =0 and f(b) * f(a) =0. Hence 2’ = f(z) 


f(y) = y' and a’ = f(a) = f(b) = 0'. Therefore (x', Ca’) = (y', Cw). Consequently, ((Y,¢y), ®, (0,¢0)) is a 
paired BCK/BCI-algebra. 


4 Conclusions 


We have introduced two-dimensional event sets and have applied it to algebraic structures. We have intro- 
duced the notions of two dimensional BCK/BCl-eventful algebra, paired B-algebra and paired BCK/BCI- 
algebra, and have investigated several properties. We have considered conditions for two dimensional 
eventful algebra to be a B-algebra and a BCK/BClL-algebra. We have discussed the process of induc- 
ing a paired B-algebra using a group, and have established a commutative group using two dimensional 
BCTl-eventful algebra. We have presented examples to show that a two dimensional eventful BCK/BCI- 
algebra is not a BCK/BCl-algebra, and then we have considered conditions for a two dimensional eventful 
BCK/BCLalgebra to be a BCK/BCT-algebra. We have studied a paired BCK/BClI-algebra in relation to 
the BCK/BCI-homomorphism. 
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